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Midterm 2 Review.

Midterm Topics: Notes 6-14.
Modular Arithmetic. Inverses. GCD/Extended-GCD.
RSA/Cryptography.
Polynomials.
Secret Sharing.
Erasure Resistant Encoding.
Error Correction.
Counting.
Countability.
Computability.

Probability Topics covered by Prof. Walrand.
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Time: 120 minutes

Will broadly follow Midterm1 format:
mix of short and longer questions

Prep/Exam Strategy:
plan out sequence of questions...
solve problems with a time bound

Proofs, algorithms, properties.
Some mild calculation (no calculators needed though!).

Be familiar with Midterm1 topics... but MT2 will focus on Notes 6-14.
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Isomorphism principle.

Given a function, f: D — R.

One to One:

Forallvx,y e D, x#y = f(x) # f(y).
or

vx,y e D, f(x)=1f(y) = x=y.

Onto: Forally € R, 3x € D,y = f(x).
f(-) is a bijection if it is one to one and onto.

Isomorphism principle:
If there is a bijection f: D — R then |D| = |R].
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Cardinalities of uncountable sets?

Cardinality of [0,1] smaller than all the reals?
f: Rt —10,1].

x+1 0<x<1)2
f(x) = 2 =X=
() {;X X>1/2

Onetoone. x #£y

If both in [0,1/2], a shift = f(x) # f(y).

If neither in [0,1/2] different mult inverses = f(x) # f(y).

If one is in [0,1/2] and one isn’t, different ranges = f(x) # f(y).
Bijection!

[0,1] is same cardinality as nonnegative reals!



Countable.



Countable.

Definition: S is countable if there is a bijection between S and some
subset of N.



Countable.

Definition: S is countable if there is a bijection between S and some
subset of N.

If the subset of N is finite, S has finite cardinality.



Countable.

Definition: S is countable if there is a bijection between S and some
subset of N.

If the subset of N is finite, S has finite cardinality.
If the subset of N is infinite, S is countably infinite.



Countable.

Definition: S is countable if there is a bijection between S and some
subset of N.

If the subset of N is finite, S has finite cardinality.
If the subset of N is infinite, S is countably infinite.

Bijection to or from natural numbers implies countably infinite.



Countable.

Definition: S is countable if there is a bijection between S and some
subset of N.

If the subset of N is finite, S has finite cardinality.
If the subset of N is infinite, S is countably infinite.
Bijection to or from natural numbers implies countably infinite.

Enumerable means countable.



Countable.

Definition: S is countable if there is a bijection between S and some
subset of N.

If the subset of N is finite, S has finite cardinality.

If the subset of N is infinite, S is countably infinite.

Bijection to or from natural numbers implies countably infinite.
Enumerable means countable.

Subset of countable set is countable.



Countable.

Definition: S is countable if there is a bijection between S and some
subset of N.

If the subset of N is finite, S has finite cardinality.

If the subset of N is infinite, S is countably infinite.

Bijection to or from natural numbers implies countably infinite.
Enumerable means countable.

Subset of countable set is countable.

All countably infinite sets are the same cardinality as each other.
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» N x N - Pairs of integers.
Enumerate: (0,0),(0,1),(0,2),... ???
Never get to (1,1)!
Enumerate: (0,0),(1,0),(0,1),(2,0),(1,1),(0,2)...
(a,b) at position (a+ b+ 1)(a+ b+2)/2 in this order.

» Positive Rational numbers.
Infinite Subset of pairs of natural numbers.
Countably infinite.

» All rational numbers.
Enumerate: list 0, positive and negative. How?
Enumerate: 0, first positive, first negative, second positive..
Will eventually get to any rational.
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Assume is countable.
There is a listing, L, that contains all subsets of N.

Define a diagonal set, D:
If ith set in L does not contain i, i € D.
otherwise i ¢ D.

D is different from jth set in L for every i.
= Dis not in the listing.

D is a subset of N.
L does not contain all subsets of N.
Contradiction.

Theorem: The set of all subsets of N is not countable.
(The set of all subsets of S, is the powerset of N.)
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Sum Rule: For disjoint sets Sand T, |SUT|=|S|+|T]|

Example: How many permutations of nitems start with 1 or 2?
1x(n=1) +1 x(n—-1)!

Inclusion/Exclusion Rule: For any Sand T,
|[SUT|=|S|+|T|—|SNT]|.

Example: How many 10-digit phone numbers have 7 as their first or
second digit?

S = phone numbers with 7 as first digit.|S| = 10°

T = phone numbers with 7 as second digit. |T| = 10°.

SN T = phone numbers with 7 as first and second digit. |SN T| = 108.
Answer: |S|+|T|—|SNT|=10°+10%—108.
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Proof: How many size k subsets of n+1? (/).
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How many contain the first element?
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n
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= ()

So, (") + (k) = ("k").
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Wrapup.

Waitch Piazza for Logistics!
Watch Piazza for Advice!

Note your Midterm2 room assignments!!!

Other issues....
Email logistics@eecs70.org
Private message on piazza.

Good Studying and Good Luck!!!



